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Recap: Factor Graphs
• Joint probability  Can be expressed as product of factors:
 Factor graphs make this explicit through separate factor nodes.
• Converting a directed polytree  Conversion to undirected tree creates loops due to moralization!  Conversion to a factor graph again results in a tree!
Recap: Sum-Product Algorithm
• Two kinds of messages  Message from factor node to variable nodes:
-Sum of factor contributions  Message from variable node to factor node:
-Product of incoming messages  Simple propagation scheme.  Application of dynamic programming in graphical models.
• Key ideas  We are interested in the maximum value of the joint distribution  Maximize the product p(x).
 For numerical reasons, use the logarithm.
 Maximize the sum (of log-probabilities).  Create a node from each clique.  Each link carries a list of all variables in the intersection.
-Drawn in a "separator" box. 
Markov Random Fields (MRFs)
• What we've learned so far…  We know they are undirected graphical models.
 Their joint probability factorizes into clique potentials, which are conveniently expressed as energy functions.
 We know how to perform inference for them.
-Sum/Max-Product BP for exact inference in tree-shaped MRFs.
-Loopy BP for approximate inference in arbitrary MRFs.
-Junction Tree algorithm for converting arbitrary MRFs into trees.
• But what are they actually good for?
 And how do we apply them in practice? 
Markov Random Fields
• Allow rich probabilistic models.
 But built in a local, modular way.  Learn local effects, get global effects out.
• Very powerful when applied to regular structures. Observation process 
Pairwise potentials
Single-node potentials 
Energy Minimization
• Goal:
 Infer the optimal labeling of the MRF.
• Many inference algorithms are available, e.g. When Can s-t Graph Cuts Be Applied?
• s-t graph cuts can only globally minimize binary energies that are submodular.
• Submodularity is the discrete equivalent to convexity.
 Implies that every local energy minimum is a global minimum.  Solution will be globally optimal. 
Converting an MRF into an s-t Graph
• Conversion:
• Energy:
 Unary potentials are straightforward to set.
-How?
-Just insert x i = 1 and x i = -1 into the unary terms above... 
 Unary potentials are straightforward to set. How?
 Pairwise potentials are more tricky, since we don't know x i ! -Trick: the pairwise energy only has an influence if x i  x j .
-(Only!) in this case, the cut will go through the edge {x i ,x j }. Topics of This Lecture Dealing with Non-Binary Cases
• Limitation to binary energies is often a nuisance.
 E.g. binary segmentation only…
• We would like to solve also multi-label problems.
 The bad news: Problem is NP-hard with 3 or more labels!
• There exist some approximation algorithms which extend graph cuts to the multi-label case:
• They are no longer guaranteed to return the globally optimal result.
 But -Expansion has a guaranteed approximation quality (2-approx) and converges in a few iterations. 
